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Abstract

The paper is devoted to differential geometric invariants determining a Frenet curve in E™ up to a direct
similarity. These invariants can be presented by the Euclidean curvatures in terms of an arc lengths of
the spherical indicatrices. Then, they expressed by focal curvatures of the curve. And then, we give
the relationship between curvatures of evolute curve and shape curvatures. Morever, the geometric
interpretations of these invariants are given.
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1. Introduction

A similarity of the Euclidean space E” is an automorphism of E™ for which the ratio: distance between two
arbitrary points to distance between the transformed points is a positive constant. A direct similarity is an orientation
preserving similarity.

A few important curves which are associated with Frenet curve in E™ such as spherical images, focal curve
which consist of centers of the osculating spheres, the evolute curve which is the locus of the centers of the Meusnier
spheres, etc. In this work, we investigate invariants of the curve under the direct similarity transformations. For
this, we use its spherical images V; which is the ¢ — th Frenet vector field of the curve in E™. Arc length of this curve
is preserved under the direct similarity transformation which is called spherical arc length of the curve. The curve
is reparametrization according to spherical arc length. Then, we calculated some differential-geometric invariants
under the direct similarities which are called shape curvatures.

We express the shape curvatures by using the focal curves which are introduced by Uribe-Vargas. Then, we
investigate the relationship between the shape curvatures of the curve and the Frenet curvatures of its evolute
curve.

2. Preliminaries

In this section, we review some basic concepts on classical differential geometry of space curves in Euclidean
n—space. For any two vectors x = (21, %2, ..., x,) and y = (y1, Y2, ..., Yn) € E", z.y as the standard inner product.
Leta : I C R — E™ be a curve with ¢(t) # 0, where ¢(t) = 4. We also denote the norm of z by ||z|| . The arc
length parametres of curve a is determined such that ||o/(s)|| = 1, where o/(s) = 4. Let V4, V4,..., Vi, be a Frenet
moving n—frame of the curve a. Then the following Frenet-Serret formula holds

Vi(s) = ru(s)Va(s) 2.1)
Vi(s) = —ric1(s)Vic1(s) + ki(s)Viga(s)
Va(s) = —hn-1(s)Va-1(s)
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where k1, k2, ..., kn—1 are the curvatures of the curve « at the point s.

We will study the differential-geometric invariants of a curve in E” with respect to the group Sim™ (R™) of all
orientation-preserving similarities of R”. Any such similarity /' : R" — R" is called a direct similarity and can be
expressed in the form

F(z)=MAz+b

where 2 € E™ is an arbitrary point, A is an orthogonal n x n matrix, b is a translation vector and A is a positive real
constant.
We denote the image of the curve o under the direct similarity F' by the curve &, i.e., @ = F o a. Then, the curve
& can be expressed as
Foa(t) = F(a(t)) = Ma(t) + b. (2.2)

The arc length functions of the curves « and @ are

o

_ _ d
Let {V4,Va, ..., Vo, K1, Ra, ..., R(n—1) } be a Frenet apparatus of the curve @&. Since d—f

da(u)
du

da(u)
du

t
‘du and §(t):/‘
to

’ du = As(t). (2.3)

1
=5 (=const.) the curvatures of
S
the curve & are given by
1
Ri=yhils) , i=12..n-1 (2.4)

3. The expression of the curve a according to the parameter o;

In this section, we give some characterizations of the curve a by using the arc length parameters of its V;
indicatrix curve.

Let v(0;) = Vi(s) be a spherical V; indicatrix curve of the curve o with the arc length parameter ;. Then the
curve « admits a reparametrization by o;

a=afo;): I CR— E".

It is clear that

B . 5 2 d 1 i
do; = \/(&71(8)) + (ri(s))°ds ol = i) T 3.1)

The function do; = (ni_l)g + (/@i)st is an invariant under the group of the direct similarities of E™.
Let V1, V4,..., V), be a Frenet frame vectors along the curve o parameterized by the arc length parameter o; of its
Vi—indicatrix curve. Then the structure equations of the curve « are given by

do 1
do; ; =Vi(s), (3.2)
' (Ki-1)” + (ki)
d T T
%(Vla‘éw-wvn—lavn) :K(Vl,‘/Q,...,Vn_l,Vn) (33)
where
K1
0 (Ri-1)?4(r:)? 0 0
— K1
(ki-1)?4(r:)? 0 0 0
_ Ko
0 (kim1)?+(r4)? 0 0
K = 0 0 0 0
0 0 0 #
V (5171)24‘(’%)2
0 0 — Bn_1 0
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The orthogonal n-frame of the curve « is choosen as follows

1 1 1
Vi(s), Va(s), ... V() 7 -
V (Kic1)? + (k) V (Kic1)? + (k) V (Kie1)® + (ki)

Also, if we use the following notations

. d 1 - ; .
R=— and &; = N , j=12,...,n—1

95\ ki) + (m)? (ki1)? + ()°

then the derivatives of these vectors according to o; are obtained as follows

d ) T _ T
—_————V,...,———V,) =K L Vi, ... L Vi, 3.4
dm( )P+ (m)? T )P4 (R0)? > <\/<~i1>2+(~i>2 b ) (me)? G4
where
kR 0 0 0 0
-k R R 0 0 0
0 —Fe R 0 0 0
K= 0 0 —Rs 0 0 0
0 0 0 - —Fn_o i Rt
0 0 0 .- 0 —fn_1 R

Remark 3.1. For i =1 (thatis, o, = o) the Eq. (3.3) coincidence with Eq. (2.6) in [2].

Definition 3.1. Let o : I C R — E™ be a Frenet curve parameterized by an arc length parameter o; of its V;—
indicatrix curve. The functions

C (Ve s W) .
f(oi) = — y and #;(0;) = J , j=12,..n—1 (35)
(ki—1)? + (ki) 7i (ki1)? + (k)?

are called shape curvatures of the curve a.

Proposition 3.1. Let a(o;) : I C R — E™ be a Frenet curve with the orthogonal n—frame

L V1, L Va, ooy L Va
Ve + 6 e+ 0 )+ (50)?

The shape curvatures of the curve o

1 d ( (kic1)” + (Fﬂi)2>

2 dO’i

and ’%j(ai) = ’ ] = 1727...
(Kie1)® + (ki)

f(oi) = — -
(Kim1)” + (K:)

are differential geometric invariants determining the curve « up to a direct similarity.

Proof. Let {Vl, Vo, .., Vi, R, Ray oon, R(n_l)} be a Frenet apparatus of the curve @ = F o a. The shape curvatures of
the curve & are given by
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1 1
By using the &; = Xm—(s) , 1=1,2,...,n—1and % =% we have
k(03) = R(0)

and we obtain

~ R

E](ai) - ; 5’

(’_11—1) + (’_iv)

’gj(al) = Kj (03)
So, the desired results are obtained. O
Remark 3.2. For ¢ =1 (thatis, 0; = o) kand &; (j = 2,...,n — 1) coincidence with #; and &; (i =2,3,...,n— 1)

respectively in [2].

4. The relation between the curve o and its evolute curve

Definition 4.1. Leta: I € R — E3 be a unit speed Frenet curve with Frenet apparatus {1, k2, V1, V2, V3} and (3 be
an evolute curve of the curve a. Then there exist the following equality

B(s) = als) +ma(s)Va(s) + ma(s)Vs(s)
where m1 (s) = ﬁ(s), ma(s) = —i= cot ([ ka(s)ds) [4].

K1(s)

In [6], R. Uribe-Vargas found formulas which express the Euclidean curvatures in terms of the focal curvatures.
Similarly, we can represent all differential-geometric invariants #; by the m; (i = 1,2) curvatures and their

o . - - K
derivatives. For i = 1, we have &1 = d%(ni) and kg = 2

! K

Proposition 4.1. Let o : I — R® be a unit speed Frenet curve. Then, the shape curvatures &; (i = 1,2) of the curve o are
given in terms of the curvatures m; following as

my(mime — mymb)

~ /
R1=m] and Ro =
m% + m%

Proof. Since iy = d—ds(n%) and ko = 72 then we get

3
G
—
=

[

e

m. 2 _ k2 1
Ymy Ky sin? (f Ko (s)ds)

mq(mimg — mimb)

K9 =
m2 +m3

5. The relation between the curve o and its focal curve

Let o : I C R — E™ be a unit speed Frenet curve. Suppose that all Euclidean curvatures of the curve « are
nonzero for any s € I. The curve C,, : I C R — E™ consisting of the centers of the osculating spheres of the curve o
is called the focal curve of the curve a. Then the focal curve C,, has a representation:

Co = a(s) + f1(5)Va(s) + .. + fn—2(8)Vi—1(5) + fr—1(5)Va(s) (5.1)

where the functions f;(s), i = 1,...,n — 1 are called focal curvatures of the curve «. In [6], Uribe-Vargas found an
equation between the Euclidean curvatures and the focal curvatures. Then by using this equation, we can express
the shape curvatures of the curve « in terms of focal curvatures.



30 Fatma Ates, Seher Kaya, Yusuf Yayli & F. Nejat Ekmekci

Proposition 5.1. Let o : I C R — E™ be a space curve with all Euclidean curvatures different from zero. Then we have

(5.2)
k= 4 ficofic1fi
BNV + P+t fiaflo) 1)+ (BF+ Rofit o+ fafiy) fia)”
R = fi—afi-1fi ffl+ fafo+ -+ fimafi |

Tidds \J((Rf+ Bfst et fiafl o) 1)+ (A + Fofyt o4 fiafly) fioa)’

Proof. According to the first two theorems in [6], there is a relation between the Frenet curvatures and the focal
curvatures as follows:

/ QT ) /
b= Land g, = MY LR i gy (5.3)
h fie1fi
By using the Eq. (3.5), we get the Eq. (5.3). O

Remark 5.1. For i = 1 (thatis 0; = o), the representation of the shape curvatures is given with Eq.(5.2) the same as
representation of the shape curvatures is given with Eq. (4.2) in [2].

6. Self-Similar Frenet Curves

The curve o : I C R — E™ is called a self-similar curve if and only if all its invariants &, &1, ..., K,—1 are constant.

0 kg 0 0 0 0 0
-k 0 R O 0 0 0
0 —Re 0 &3 0 0 0
K = . .
0 0 0 O —FRp—2 0 Fp—1
0 0 0 0 0 —FKn—1 0

0 X 0 0 0 0 0

-1 0 0 0 0 0 0
0 0 0 A 0 0 0
0 0 =X O 0 0 0
0 0 0 0 0 0 Am
0 0 0 0 0 —An

Then the symmetric matrix K2 has m = % negative eigenvalues with multiplicity two: —A}, —=A3,...,—A2,.

Self- Similar Curves in Even-Dimensional Euclidean Spaces
In this section, we get the expression of the self-similar curve « according to the parameter o; in the even
dimensional real space R?™.

Theorem 6.1. Let o : I — R?™ be a self-similar Frenet curve. The curve o, parameterized by the arc length parameter o; of

its V;—indicatrix curve, is given by

a1 gg. . a1 zg. a Fos - a Fos
alo;) = (e”‘” sin 61, —b—e’w’ cosfy, -+, —e"iginb,,, ———e"7 cos Hm) (6.1)
1 1 m m
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/)2
where bj = /&2 + A7 and 0; = |/N\j0; + arccos ¥ for j =1,2,...,m. The real different nonzero numbers

1/k2+/\§

(ViVi) =1, 1<j<m.

ai,az,- -+ ,Qn are solution of the system

Proof. The unit vector fields {V1(0;), Va(0:), -, Vam—1(03), Vam (0;) } are expressed in the form as follows:

w(o;) = (Vi(oi), Va(oi), -+, Vam—1(03), Vam(04))-

From the solution of the differential equation -2-w = Kw, we can calculate the unit vector fields

{Vl (Ui)a %(Ui)a e 7V2m—1(0i)7 VQm(”i)} .

Also, the first unit vector is calculated by

Vi(oi) = (a1 cos(A10;), a1 8in(A10;), - - - Gm c0S(Am04), a,, sin(A,04)).

Since (V1, V1) = 1, we obtain that )~ a3 = 1. The parametric equation of the curve a is given by

=1
X = (xl (U)? 1'2(0'), T ,I'Qm_l(O'), x?m(U))-
1 .
By using the Eq. (3.1), we can write - X = —————V. We can easily see that /x? ;| + k? = e "?i. Hence, we
\/ R
have
d Ro d Ros - .
—Zgj_1 = a;e"” cos(N\jo;) and —uxg; = aje"7 sin(\;0;), 1<j<m.
dUi dO’i

Taking the integrals of the last equations, we obtain

;i #yo; .
XT2j—1 = Tje ! COS()\jO’i) + TJI'QJ', (62)
KR K
Qi Ryo; )\,-
Toj = Eje " sin(\joy) — EL.'L'QJ‘_L (6.3)

Using the Eq.(6.2) and Eq.(6.3) , we get two equations:

Toj_1 = ﬁj/\?ehi (Rcos(Ajo;) + Ajsin(Ajo;)) = Z—jeg‘” sinf;,
Toj = #j)\?ekai (Fsin(Ajo;) — Ajcos(Ajo;)) = fZ—je’%‘” cos b,
where
sing;, = %(cos(/\jai) - z\jcos 0;),
cosf; = f%(sin()\jai) — % sind;).

J

So, the function 6; is found

Aj

,/k2+>\§'

0; = \jo; + arccos
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Kw

oy

_d
Vi(oy) = ef'mlga(ai),

1 d
Va(oi) = F?lda-vl(a"')’
Va(o) = —(—laVi(or) + = Va(or))
30 - FEQ 1V1\03 dCTi 2(0i)),

1,
Vi(oi) = ?3(“2‘/2(01')‘?@‘/3(%)),
V@) = ——(m-2Vin-2(0) + —Vin-1(73)
m Uz) = B 1 Km—2Vm—2\0; E mfl(gz .

By using an algebric calculus, we obtain the following equations:

", = 1= ia? =1,
Vo, Vo) = 1= Za2/\2 = i3
(Vs,V3) = 1= Za?(l =7 =3,
Vi, Vy) = 1= Za2/\2 )? = &2R2,
and so on. The proof is completed. O

Remark 6.1. In the Eq.(6.1), if we take the o; = o, then we obtain the Eq. (5.2) in [2].
Self-Similar Curves in Odd-Dimensional Euclidean Spaces
In this section, we give also express the self-similar curves in odd-dimensional Euclidean space R*" 1.

Theorem 6.2. Let v : I — R?™+1 be a self-similar curve. The curve o, parameterized by the arc length parameter o; of its
Vi—indicatrix curve, is given by

a(o;) = Ee’%‘” sin 01, —ﬂekgi cosfy,---, a—me;“” sin6,,, —a—me’%‘” 08 Oy, A 41 €77 (6.4)
bl b1 bm bm
Ve =
where bj = \/R?+ X2 and 0; = /N0, + arccos | ——— | for 1 < j < m. To calculate the real different nonzero
J J %2 + )\3
numbers ay, as, - - , Gm1, we use the following (m + 1)— equations
= d
Vi(oy) = e‘””ia,a(ai)
1 d
Vz(Ui) = /%Tdaivl(ai)’
V(o) = - (—FaValo) + ——Va(o))
3\04 = P R1V1(0; do, 2\03)),
1 . d
Vi(oi) = —(R2Va(oi) + ——Va(04)),
K3 dO’i
1 d
Vit1(oi) = —(Rm—1Vimn-1(0i) + =—Vin(03)).

Rm dO’i
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(Vi Vi) =1, 1<j<m+1.

From the above statements, we obtain the following equalities

i, W) = 1:>Za +RPaZ, ., =
m+1
Vo, Vo) = 1= Za2>\2—l~$1
(V5,V5) = léiaf 177 2+ ka2 ’Z%
Vi, Vi) = 1,4<z\m+1.
Proof. The proof can be made similar to the proof of Theorem 6.1. O

Remark 6.2. For i = 1 (thatis 0; = o), the representation of the curve « in the Eq.(6.4) is the same as the curve given
in the Eq. (5.4) in [2].

2
and 9 = —= of the curve « are in R3. We can calculate

V13

3
Example 6.1. The shape curvature functions &} = —
i F TV
the curve « (see Figure 1) corresponding to them

a1 zo. - a) - =
— 2 Rog Roa
a(og) = <b16 sinfy, —-—e"?2 cos 01, aze

1

where o3 is arc length parameter of its normal indicatrix curve. If we use the given equations in Theorem 6.2 for
m = 1, we get the values needed to determine the curve as follows:

o 3 and a 2 b 36 + 55 \/ + arccos V5
= — = — = —, =, —0 —_—
NG ? NG ' V1352 2 /36 +5

The curve « for these values is plotted using the Mathematica program in figure 1.

Figure 1. The curve a.
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7. Geometric Interpretation of the Shape Curvatures in Euclidean 3-Space

In this section, we investigate that the shape curvatures of the curve are related to the geodesic curvatures of its
indicatrix curves.

Proposition 7.1. Geodesic curvatures of indicatrix curves are invariant under the group Sim™ (R3).

Proof. Leto: I — R3 be a Frenet curve with Frenet apparatus {V1, V2, V5, k1, ko } and &1, k2 be shape curvatures. Its
indicatrix curve y : I — S? is a spherical curve with arc length parameter o; (i = 1,2, 3). The vector ¢(0;) = d%iy(oi)
is a unit tangent vector of the curve ~. Third vector p(o;) = v(0;) A t(0;) is defined along the curve 7 on the unit
sphere. This frame is called the Sabban frame of the curve ~ on the unit sphere S?. Also, the derivetives of the
vectors of the Sabban frame are defined as follows:

d vy 0 1 0 ¥
do, i U I (7.1)
¢ 0 —-k4 O p

dt .
where the function x, = det (v, t, d—) is called the geodesic curvature of the curve .
0

Let & be a similar curve of the curve o under the group Sim™*(R?) and {Vi, V3, V3, K1, Ro, K1, k2 | be Frenet
apparatus of the curve a. Its indicatrix curve 5 : I — S? is a spherical curve with arc length parameter 7; (i = 1, 2, 3).
The orthogonal frame {¥(5;),t(5;), p(7;)} along the curve 7 is called the Sabban frame on the unit sphere.

If the curve 7 is a tangent indicatrix curve with arc length parameter o; then the following equalities hold

tWQZi%%mL

d K2
df‘lt(ﬁ) = —(o1) + RTP(U1)~

K K
So, the geodesic curvature x4 = -2 is obtained. Similarly, we calculate k, = =2, From the Proposition 3.1, we get
R1 K1
Rg = Rg-
If the curve v is a normal indicatrix curve with arc length parameter o5, then we obtain the following formulas

d
tos) = ——(02)
02
d o d [ FRa
—t = — — (2 .
tlon) = (o) + R (2) oo
. . ~9 d ,‘?.',2 o . _ ~2 d EQ .
From the last equation, we can easily see that x4(02) = K — | — |. Similarly, we get k; = K] —(==). So, kg is
02 \ K1 02 K1

equal to k.
If the curve 7 is a binormal indicatrix curve with arc length parameter o3, then the following formulas hold

t(og) = d%:lg’v(aa)’
dit(ag) = —(o3) + @p(@)
g3 K2

. K1 - K1 . _
Since k4(03) = — and K, = = are obtained, x4 equals to <.
Ko )
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